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AERONAUTIC SYMBOLS

1. FUNDAMENTAL AND DERIVED UNITS

Metric English

Symbol

Unit Abbrevia- unit Abbrevia-tion tion

Length -------- meter ------------------ m foot (or mile) --------- ft (or mi)
Time --------- t second ----------------- s second (or hour) ------ see (or hr)
Force -------- F weight of 1 kilogram ----- kg weight of 1 pound --- lb

Power--------P horsepower (metric) -------------- horsepower ---------- hp
pkilometers per hour ------ kph miles per hour -------- mph

Speed ------- V [meters per second ------- mps feet per second ------- fps

2. GENERAL SYMBOLS

W Weight mg p Kinematic viscosity
g Standard acceleration of gravity=9.80665 m/s2  p Density (mass per unit volume)

or 32.1740 ft/sec Standard density of dry air, 0.12497 kg-m-'-sl at 150 C
m sW and 760 mm; or 0.002378 lb-ft- 4 sec

ass= - Specific weight of "standard" air, 1.2255 kg/m or

I Moment of inertia=mnk. (Indicate axis of 0.07651 lb/cu ft
radius of gyration k by proper subscript.)

A Coefficient of viscosity
3. AERODYNAMIC SYMBOLS

S Area S, Angle of setting of wings (relative to thrust line)
(S. Area of wing i. Angle of stabilizer setting (relative to thrust
G Gap line)
b Span Q Resultant moment
c Chord f Resultant angular velocity

b2i
A Aspect ratio, r R Reynolds number, p- where? is a linear dimen-

V True air speed . ... sion (e.g., for an airfoil of 1.0 ft chord, 100 mph,
De standard pressure at 150 C, the corresponding

Reynolds number is 935,400; or for an airfoil
ift, absolute coefficient CL.L of 1.0 m chord, 100 mps, the corresponding

C= Reynolds number is 6,865,000)
S Drag, absolute coefficient D Angle of attack

i D e Angle of downwash
Do Profile drag, absolute coefficient CODDo ao Angle of attack, infinite aspect ratio

TqS ,, Angle of attack, induced

Dj Induced drag, absolute coefficient CDa a Angle of attack, absolute (measured from zero-, slift position)-

(A Parasite drag, absolute coefficient C,=p= y Flight-path angle
CI

C Cross-wind force, absolute coefficient CO--G
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REPORT No. 869

ISOLATED AND CASCADE AIRFOILS WITH PRESCRIBED VELOCITY DISTRIBUTION

Bv ARTHUR W. GOLDSTEIN and MEYER JERISON

SUMMARY of an airfoil are given and the shape of the airfoil is deter-

An exact solution of the problem of designing an airfoil with mined. InI some cases, the spacing of the blades is pre-

a prescribed relocity distribution oni the suction surface in a assigned, which places a condition on the assumed velocity

given uniform flow of an incompressible perfectfluid is obtained distribution. Once the airfoil shape has been evolved, the

by replacing the boundary of the airfoil by vortices. By this velocity distriiution may be compute(l for any angle of

deice, a method of solution is developed that is applicable both attack by the method described in appendix A. The method

to isolated airfoils and to airfoils in cascade. The conformal of this paper was developed at the NACA Cleveland labora-

transformation of the designed airfoil into a circle can then be tory during 1946.

obtained and the velocity distribution at any angle of attack THEORY

computed. Numerical illustrations of the method are given for OUTLINE OF METHOD

the airfoil in cascade. ,'- : , _ / In reference 5, it is demonstrated that the two-dimensional

INTRODUCTION potential flow about a body in a uniform stream can be

The problem of increasing the output per stage in axial- represented by substituting for the body a sheet of vortices
flow compressors and turbines involves the use of hligh- along its boundary. The vortex strength per arc length at

solidity (closely spaced blades) stages of highly cambered any point is equal o thie magnitude of the velocity at tat
blaes.In ddiion te vlocty istibtio nmt b cae- point. A proof of this relation for the case of tile cascade is

blades. In addition, the velocity distribution must be care- given in appendix B. The problem of finding a shape with
fully selected as a function of arc length along the airfoil e
(blade section) boundary in order to avoid flow separation or a prescribed velocity distribution when placed in a stream
excessively huigh local velocities, can then lie stated: Given a vortex distribution, to find a

contour which satisfies the condition that it will be a stream-
Several methods aie available for obtaining an airfoil with line in the flow field induced by the uniform flow and the

a prescribed velocity distribution. The methods that lead to vortices distributed on the contour.
theoretically exact results are based on conformal-mapping The procedure of finding the shape begins by choosing an
theory. (See references 1 and 2.) In reference 3, Nlutterperl
extends the method of conformal mapping to solve teile stream function of the flow induced by tile vortices and the
problem if computing a cascade of airfoils with )rescribe(l uniform stream is computed at points on the boundary of
velocity distribution but, for casca(des with closely spaced or the assumed shape. If this stream function is constant, tie
hig)ly (Inbere(l airfoils, this procedure becolnes veiy cur- assumed shape is correct. Variations of the stream function

bersom. Approximate solutions have been obtained by are a measure of the deviation of tle assumed shape from
placing singularities such as vortices, sources, and sinks in a the correct one. These variations aire used to distort the
uniform stream. The shape of sections of airfoils in cascade original shape into a iew shape whose stream function is
can also be computed by distributing such singularities more nearly constant. The hrocess is rpeated until tie
p~eriodlically thlrotughout the region of tile cascade, as described mr erycntn.Tepoesi eet( ni h
periodically thrugou the variations liecome negligible. In the process of shape adjust-
liv Ackeret (reference 4).

Because these vortex methods arc not exact, a nmithod uent, tile velocity is altered on the pressure surface.

with the vortices on the boundaries of the cascade airfoils DERIVATION OF EQUATIONS FOR THE STREAM FUNCTION
was (leveloped. This methodl gives a theoretically exact solu-
tion without the computation ([ifliculties encountered in
uonformal-mapping methods for highly cambered airfoils or we'(z) (which is the derivative of the complex potential func-

tion w(z)) induced at the point z=.riy by a vortex ofclosely spaced casca(les. Furthermore. for the same accuracy
in computing the airfoil shape, this vortex method requires strength k located at z,=x,-iyo is

the computation of fewer points than the method of conformal k 1
napping because these )oints (nay be arbitrarily p onw (z)

tile airfoil. Tile method may lie applied to isolated airfoils
and to airfoils in (ascade. For the cascade, the inlow and (A summary of the principal symbols used in this report is
discharge velocities and a velocity distribution on the surface given in appendix C.)

S 21313-49 1
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ile c'0iiilex velocity i' iiiiiicmi liv i iiioii st eiiiii influiencies i lie steailli fiuictioni at tile point1 x oi1 the w:
with. coliple\ velocityv i' anid ii (ist iiuitdioii of votI The strieamn funcotion ilidliced ait (.11.) lit vortex of
strieiigthi per lillit leiigtli -Y(Z) liloio( a culrve wvith coorilnites strength lit Y, iS

+2r J as') , -) I~ Ci j
2  (y-y ) 2 ]

where (IS , is tite l'lelllit (of arc1 Ilitl aloiig the curiive. Flli A plot ill thilt'u phiiie of ecirves for- a conlstant /
complex p)ot enia l lit ill, poinut : is tit(' 11) e-ro I of v' (z) wvith consist s of cm icenitric v i rles wvith Cien terli t (.rO, f/a)

respec t to Z, lii iiielv TIFile velocity a lt tite poin~t ,5, oil tile irfoilI is tit i re cti'''
I" ~~derivative 'p siof tie( potenltili along thle st reflu

w~z si,' ~-J*T(Z0 ) log z-z, d.s, (2) If the velocity along1 tile airfoil hals been'i specified( tll
a irifoilI shiap~e lilts boeen assumed. thle result ant st reiaim

Firom referiencye (nOot ation miod Iified ), I ion a long t( ibIouiinldary of thle a i foil ClhJ be a lpioxini

y~z,) d,= w'(z) dz.=d~z,) ~d(~) ± /by uisinlg thle app~hroxi mate shiiape in evalut ing tilie i nteg

Whlere 44s) =4,U-J s ,~(, ds0
o velocity potentiail, R[v(z7)j whlere0

~stream function, fIvw(z)] ',s) stream function tit (v.1/) duie to uniform stream, -xVY-
Mien e'quaitionl (2) is appliedl to obtain tit(, comp~lex 1i total arc length of airfoil.

potential function at any point z in the flow field, the iii- All variables are expressedl in term of the arc-length
toegration mlust be carriedl out alonga tile liouiiiliry of the mtr 1115. Ii ltgili qain()cnb
b odyv. Because this ctirve is at streiamline. d/'=Ot and, there- Iateil either nriiclYor raphically over thle enitire I
fore, equation (2) biecomies of integratioir exceplt iii dlieregion where a ( -s)is s

U for in this region /* (s.,becomces infinite. nlis 1)oiio
w~z)=zw'-h~-~- lo (z z,)dp~,) 2a) thle integral c-an be eviiluatedl hy approximating the ii

b~oundary lby ii line segmnt. Then,

The imaiginary part of equation (2a) is tile stream function
ait the point z, fl (s, log)

~=~~,±ui; r J log ~ xx, 2 (~ dp(z,) (3)
XXirI Jy ) Thle preseribed veloc ity call be given ill this region. v

where may be efne b <--:s :+a, by a Taylor's seri

17 ?/-(omllpolllt. of unliform strellim velocity 17 a fiinction of q, abiouit tilie point ..

Ix -(onlpomient of uniform stream velocity V

It is 'oniveniienlt to utse the ilarc length allong tile airfoil us''s, 'C) p' s --. ) (,,~
al paralmeter. If (Ji.Y) is a1 point Oil thle aiirfoil boundary, then'i
S will iieiio te ili e are c iiothI thIiere; simli ha ily, .S, will denlote where the pimes inic~late derivatives wvith resp~ect
tile tilrc lenigth i t Cu,, y,). Tite vortex ait .s, on the irfoil Thle intei-iii is thle,,

If~ Is r p(,)d, log, (.;" [,P'Qs.,) + 'p'C' I s-o)-
Ja is' 1%

=[a 0'(S,) (lo10 -A- a(logoa-_!± .

In miost caises. on l v t it( f ii'st termn need lie uiseid inl equlation r (6) . The same tv ,pe of lipproxi mation call be used to evil)

a portioni of tie( inti'gral if the( opposite side of the nii'foil comes inl the( neighborhood of thle point C',?/).
A morie geiiei'il eq(uaitioni applic'aible to a segmenlt that dloes not pass thiroiigh. is:

4 JP lo2+C2) y-,
2 ~(s) 1 LclgI hc-)

log 4____I [(P) c) log (h ± 2-ub ) log (P- hb) 2 ±eb2)-' 2ht-b2
2)_1 b

3 ellog (h-t _6) 1b log (/
2 + V-) - 7 (V - V3) +

9h2 (CbL h i1h( )+
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/I e is tilie i)Cpl'ji l tt1r1 distitte[on St h e 1eg ilt I . ('att's Ill ('v( ) tex-e le illent sit -g.I tilg [in (7r'S) (-~

=p lot 'ates tile fot f h. eg ent, (p1-1b) and (p) +c) reCpresetts te co'('1mplex p0
oten'tia ti t th e p jilt(it, calSe(d by tilt

:ire thle limttjs of the iltu~t l o 111(1 tipri ma 11tely, infii te .o Iv 0f i nit voirticees fit %± S whtere 11 =0, 1,
2.....The imaitginary port, of equaltionl (7) is tit(' streo

(prb o (--c. f ==-4tid = i ~lt2o (60b functon.

itid tat GO' ilia In' b tise NN111 th epts til se I I I'l 47tr~aegvn il aie I~ lt f.-r niyy.fi oitli

5t'l'(1111 t'xp utsl ofl f1 wthel. ideIC of f2(zz,, ispedcua shown il iii' . Iee 'l'''5nt

ist-eoct expresae inpet-eOC i~ dl-ogramti )aalitr an -.2.i il, te

be I Iva ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~~lOR I-IVto os curlvest tII t1)poiiat oni fI.i eoi ere T e auso n (ory)I f~sorl ari ous VIiIIt)f.f

fin tht PG' ,) e wcurteiy rpreentd b a I'l~lo's il(re e(cl as tbe st.eA lotl' of the flwand u d by!/ fo osant

serie exaso oS. few, whrter,1,2....mstl.rgono
~rra~ce -elacdW d~~rO~ ~ ~valtes itstlanis hvl ilIrl igr 's t2. a ihs, thre flow is

efeedve/cj' Aiga neXl titi X. ice by ai is.tte vorex At aisat
Fict'E .- oliiin orc~caleilo. ro te or('xto , heSt'lalfhiesar lllalil insasit

th lwlatrniVldb cittOSuifr isrbl
Aifolsi cscde-lt cpesio frtie omlx o- tot o vrictyliog srigltlieinteV fa owo

t~'tiil ol th fow 11011 ai'istaoi' f liif~is s (t''ied ll (iil'etevotics.Tueveociie onth tw slle o s~ci 1

ap'tixB llet~ttil S(i'll(di igr .Th otx ieth flqlllItaiildebl opst ii(i'Ctjt

elo-elct itvc, Com'ltch f(z, z0  - lo -,iro [(.- 2 +(- 0
2

stream of esclid('. Vr-iU~Fvalue oflo of/o8 irresetve onstf (x-0 / ndactitn

V 1 
i ntis t a ttc e b e t e e st i lesi v a i r f o i l sn e i n c a s ae t e r m ,d c d y i

Y-Yoinfnit ofw toe isolated ofrfi flow.rl- oae tttlepit
'['e hlm w,,' i te tonlll' poentalfuntio relllir ,wih, is) t wehsrem fnotl of a, tIifli thremillifl

fromth-e meflow.~ dIngo t21 inerath lmn vormi- t the -xs.ralnstr erycrce;ta s lwi
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Equation S) cain be used for computing thei stream function along the boundary of ain airfoil in cascade
equation (5) is used for the isolated airfoil. The integral over the rouge in thle neighlboriool of tile' poinitx is obtait
using equation (9) for fk,s~ Thel result, dlerived in the samne miannier as equation (6), is

ff~s, s~'(s, a.= (np ()lo(, (i +) a]o ji[o ~()]

Thie ior generail equtationt ((t)o) is modified for cascadles by may11 be writtenl 4' .3)Wiiett 0=0. 4'(8, 0) is the o;
multiplying the arguitint of aill logarithins Iiy thle factor streamn function biefore rotation. After rotation tIi,

7r S.stream function 4'( ll~ ay he expanded in at 'avlor's
AD)JUSTMENT OF SHAPE abouit the point 0=0,

If t he st reami ftunc tin for the assumtedl airfoil has beetn PL?10
comptted and lhts beenl found to vary, the Shape mtust then q'(s8rn= 'S,0) ±+ o '~~ +
he ad jutstedi to give it more nearly constant st reatm fumnet ioni. ji-
'rhe Shape chianges are tnlade by rotationi of the b)odi lls Only the first two terms in this series will be used bec-.
displacemnt of the individual points normal to the mean is assumed to be small. The angle 0 is to he determiti
stream. The rotationi is used to place the front stagnation the minimum Ineat1-square d~eviation of thle stream fu
point properly, V from its meani value. Because the object of the rota i

Rotation of the airfoil-hI the formula for computing the essentially to adjust the shape of the nose, the rotation
stream function of an isolated airfoil, the contribution of a also be made to reduce the root-mean-square (deviation
vortex clement ait (x.,, yo,) to the stream funiction of a point at stream function to a minimum for a portion of the
(x, y) is dependent merely onl thle (distance between the two including thle nose.
points. Consequently' , if the entire airfoil is rotated, the The meani value of the stream function at any anigi
effect of thme boundary vortices on the stream function ait anty
point onl the airfoil boundary will not change. The effect ofif
the blade rotation onl the stream function along the boundary 7(1f 4(s, ) d,= 1 J q(,0) +~ L (8,o) 4d.
is therefore determined by the change in relative position of
the points- in the uniform stream. The first adjustmecnt in The difference b~etween the new stream function 4' (s, p
shape is a rigid rotation of the airfoil in order to ob~tainl a its mean value (0) is squared and integrated to obi
more nearly constant stream function along its boundary, measure of the variation of (s, 0) from the mean vm

If the airfoil is rotatedl through an angle 0, the stream the new angle. The. condition for obtaining a rin
function is so changed that 4' (s) is a function of 0 and 8 attid root-mnean-sqmare deviation by adjutsting 0 is

0=JL(st)W ) s=-- d I(,)) dk -'--) l 1
j (1JoL

2= 2[4 (,0) +3 (1'0) ,] d4,(s_,0)_-d (0~G) 1i

- ~ ~ d (13J L10) '± YI (

The second integral vanishes by virtue of equation (11), (4=o J " y-Y)V
which may also be used to eliminate (fl) from the remaining (3[xx) d yy, y
term. The solution foi- 0 is Si n 0(x .- r,) V-(y - Y) 17 ]

l (14'(8.t)) ds FU4'(80 where (x, y) are the coordlinates of the poinit before rot:
[. 7 ± d-- (18] For small vaIlues Of (3, equmation (16) reduces to(4 [_ ) - JL _ 1( (14) 4

In order to apply equation (14), d410d must be known ait The choice. of (x,, y,) will have no effect on the results it
points along the boundary of the airfoil. For the isolated (lase.
airfoil, the contribution of the vortices is unaffected by the When the airfoil in cascade is rotated, thle change
rotationi and( therefore position of the vortices of thle adjacent blade must be

(14' d~~lu d dx dy sideredl. For the isolated airfoil, it wsuncsayt

(1(3 do3 ( (X10 do± (15) Sider the change in position of the vortices becauls
influence of a vortex (equations (3), (4), and (5)) (hepi

if the airfoil is rotated about the point (x,, y,,), equation (15) on thie funcition~f,,whiich is constant on circles. The inli
becomes of the vortices onl the airfoil is therefore independei
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Olioni ('lilili dloes hlve ani ('llt wichl is zipr)toxitillted \V(Itv slol becauittse of thle itltac('ti'itv of thle funidamental
Ivcn iei n all closed f/ cii ves (./2 <t) ai c i'rcles Ii 0 ii er t* a 50111)t loll oii li hi tit', correctt'Iion is based. i~idr~o

hat ilelret of ai1 vort ices ill thle rotzitiii I't, 0 Iav lhe Thus, wIieii t(he strteam i nc Wt itn iiilotii, tileonayo
titgl'ctet di iiig otzat iol. Filo' effect of till vort(ies ill tdie (t(e isolil teti aitfoil is known, somnic utmber is tirhitt'arilv

legioli /' >0 is est i matedl It lissillim hat i il thlef. / otit oils i o'set 1its tileI('S desied IOlst ilt V11i11 ieOf tile Strei'll fl t ioli.
for f '>0 ire si a iglit lil ies Uilform ly rphe I Iie flow If A4 ' 'is tie( ifferenice littween thle conmpte st iret

corr'tespondsl to that bet weent two iniiit e st 'aught pilii'iillil futiition it 2i poilit arid tile desired (constanrt, tile poirit is
vort ex sh ieets (if uiifotrm st relgi per i' tit tI i gliI. Thiiis mioved It d(ist anlce - A4,11 pt'tpetndicutlar to tite i directioni
flow il ttceiI hV t it(' VortiCes ill tieleg ot0in f2C>0t is ill thle iot tie( men tsttea i, w here tilie dirlect ion of inc.(leasi ng u ii-
j'-i tc titil in11 iilie direte)ioti of tile flow i nduiiced l)iv lie ftrmn st reiim fiiti ont is talken as positive. 'Fhe irfoilI in it
,o t'tiii's ftor whiicli !/"> y is opp)osite in selist' to thlait i itlticcid caisca de is idist ort ed in tie( sam i matn iner, by Uisinrg tile vairyi ng

hiY tilei vort ices foi. which Y,!/0K. resutltatit local mni st reami velocity V, 1-_2 + 1,2; corrections
ks tie( point b einig cotisid el I sciine I ein f tr' aire ma1de with T equali to thle ictatt valuhie of 4' 01) thii airfoil.

/2>, ,,,i iril 2>), ,,~i ~il iicitle if'ectt ciioisCOMPUTATIONAL PROCEDURE FOR CASCADES
of thei bilades, titnl heniice diffteent vorititx'. with thle resullt

CHOICE OF VEiOCITY DISTRIBUTION
illat tit', r-'e loi'it y co'in en ti r, inrdurced l) * l te vortex
shet", will Varty with tle point under1 t considert ion. The Several faictors iiflIielce filt choice of thle velocity distri-
aIlgebraic slim of thle x.-contiponient of the Uiniformn flOW httion for which ail airfoil is to Ibe found. Especially in
vt'loc'ityv and the( Variable r-Velocitv t', indtuced by the vort ices r'otor's, stutrdy btlades tire requrired. Long thin tail sections
in the( region /2)>) is to 1)e used like tlte velocity component imist he avoided and whie're high trotative speeds and stresses
V, in rotation of tile isolated airfoil (equation (17)). The occur, overhang of thin sections is likolv to induce blade
qilit ity 17, in e'tquat ion (17) is i'eplaced by the cotrrespotnding failure. The radial dlistribuition of airfoil cioss-sectional

V ,I ±i,. The vortex strength peri Uitit liengthit at tii' area is also futndamertal itt dletermnining the blade-root
point il thitairfoil is eqtual to o(s)and. thier'efore, fromt stresses. Ovethanig canl be reduced by proper choice of tile
equrat ion (10) thre x-coinponerit of the velocity induced by the velocity diagrams for the sections, buit the other factors are

Vortcesis heretil. iteaatio iscaried influenced chiefly bty til' thickness of the section.
vot e S dsweeteitgainsctid The detsirethlickne'ss may be ittained by first assutming a

out ove'r thle portion tof thle airfoil wh~et'e f 2(s,s,)>0. A blade shaipe iind spacing and by then usingthe streani-filament
distinct ion must bi' made between thle two r('gionls Y,<CY tinc mlethod of r'eference 6 to compute the velocity distribution
Y> , bie(ritse thei intuc tedI veloci t co'ornenti'ts hiave' 0ppo- over it portioni of tit(' aitfoil that determines the thickness.
site direct ions. Thre spacing mnay lie regardeud its fixed butt the cur'vatutre c-an

The ctomptrted t'istilt of rotatting art atirfoil in cascaide do - lie adjutsted if locali velocitie's are too high for' the desired
peilts Upont thle choice of (.r,,,h). [it or'der to miimflize tie( t liickness. Tis t'ompte'd ve'locity will then serve ats it
t't'r'or involvedl, valtues of tl4'1t(t0 tire r'educed by choosing gulide to the choice of til air'foil velocity disttribtition, Which
(.r,,y,) its the ce'ntroid of the(, Vortex (listi'ibtition oil thle air-foil. shotuld lbe chosen to avoid high velocity peaks tind stt'ep
If tit'( imnprovemnt in the mevan-square deviation of 4' is niegative gradients. If the( average of thle velocities onl
srnitl compar'ed withI its originatl value, it mnay Ite pre'feraible' jopposit(' sides of thle blatde ('amht'r line is tetained in the(
to onit tit( ri ot atioit of tile irfoil betauise of tle eriot' intheret t mod ificationr of tihe yeelot'ityv distribItIion tomputted from thle
itt tit', alp'oxiimitiott for t/'/d. Tlit decision should lie iiititle streamt-filarnt'it methodl, tile thiicknetss w'ill also be retaiined.
t'lieflv onl how 4' varies tit thit irfoil tiose and whethbet' it is Becatuse tof the ir'r'otittiomtlity of the fluid motion, the
appr'oachiing it constant Value itt this t't'gionl with stuccessive vt'lot'ity integral or circutlationt airoutnd tile airfoil must be
i'rt'C t ionls of thle shape. equatl to that ar'ouind at blade bitt over a width equal to one

Distortion of the shape.-Tlie str'eamn ftunct ion cotmputtedl blade space. Thiet'efore,
lifter thle isolated irifoil its beet ro tat ed w~ill, iii gen'rial't , rs'V, U )
still viiry ailong tlit' bioundlary. Tliis vaiitiiotn (il lie i--
di ced by (list ort ing fit' sha~pe o)f tii', ir'foil. If thle dlistot'- whr
ion is small, the chuange' in dist ante between tiny two poitrs 1' cir'cuilatioti about itirfoil

oiltit( liboundrit'y w~ill lie smnall, atlthought the c'hangt' in tilt V,., tangentiail velocity etiteririg cascadle
direttion of a segment joiniig those poitits mayt bt' 'oiisidetr- 1,2 tangential velocity leaving cascade
211 1ile. Thre effect, of the dlistottion oit thle coritribttion to .This r'elatioii plact's a condition onl the assumed velocity
lie striein functiotn of the vortices ott the b~oundar'v is distr'ibtttion.

conitse'quently nt'glected. The( litigest effect of the( dlistortioni If tlue comnptrtations thits far have been made in order to
w'ill be' to c'hange thle posit ion of the botuntdary points inti tlit select at velocity (list ribut iotn for filt airfoil catscadle in a com-
iurifon'tn stream. The irfoil is therefoit' distorted in such a1 piessible fltuitd flow. ir equtivalent velocity distributioni for
matnner' that tile change inl tit(' contr'ibuttion of the ituniformitile flow of att incompressible fluid must be determined
str'tani to thle strteam ftunction will elimninaite thle var'itions biefor'e the blade shape can be1 computetd biy any method
itt strt'an ftunction. For points dit'ectly opposite ('aih other' biased onl incompressible-flow thueor'y. Fot' subrbtiitical flows,
il thet irfoil, ft change iti distance will lie of thle satme ordher thle directions of thle itnflow auid dist'hiirge ve'locities tire

of iniugniitile ats the distortion. Conseqtuently, (distortionis itearly the same for' cotnpr'essible atrd ineomrniessible flows,
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bu11t for illt(.oit pre'si le flo tile colipoiei'it iioriiil to clisclide sailite clirt as til, issiinief airfoil slot for li till' itiiii'jw

aLxisi iSl( the li 5 11I)5teleni iltiti (Iowiist rea in. Th'le K1,1ijnnii1- /-cooriilIot. 1.s slioiwi inl tit.ure 4. iv pliitt iiit bothi
'Isieii coiiressiliit ' correctiton ( reference 7) or- tblit of
(Garrick t il( Ka pInn (refereti te 8) mlay be applieid to till'
velocity 011 t lie lltde siirtiev to ('stiiat e -ollilv tile ('(llt'-Y
potitling o pts i -'o velocity (l is t riblit rol.Tl e
suliting" velocity dist ribtitioti in til ('ase lust sat1isfy tie(
circiulatIion condifit ion. 'is proceidure does not g'ive till
exact Solitt ioni for i'oinpi'essi Ide flows, buit tie( resiiltantt iiiiii-

pressibIdi flow will lilt\-ye a pproxi mat ely thle d esi red clir-
acte list ics oif low priessiule grad ien ts a ml 110 Iigh velocity
peaks.

COMPUTATION OF AIRFOIL. SHAPE FROM THE CHOSEN VELOCITY
DISTRIBiUTION

The nuimericiil comtpiutation iif the (liquantitie's iiivilvedi iii
the pieced ing anialysis, pa1rticu Iariv tile function fise-___________________
tremely laborious when tables of f,(s,Sn?) are ulsed. M\ost of 1 0 9
the computations are therefore executed graphically' . lIn ie( FIGURE 4.-1iot ot airtoit and veiocity pontiai for Ilse in Cnn11Tpntatnni.

ca-sCade example, tile air was assumned to enter the casecade
at anl angle of 45' from the cascaide axis tilld to leaive at till tle Y-coordinlate of tile air-foil ag-ainlst s oil a stipplem
angle of - :30' from the ciiscade axis. The prescribed veloc- grp4 I 1rgos(ftearol hr aisltl
ity distribution is given inl figure 3 (ii). The vahlue of thle lift that is, whv~ere the air-foil lioiimarv is parallel to tlie .- di ic
coefficieiit for t Iiis airfoil is :3.1 . The shiipes oif t he isolated 0 Should be plotted iiga inlst x ini tile Saint, maueiir, uts

airfoil aiid tile iriifoil ill cascade lilt 'oimpiitedl by thle fol- in ffigure 4.
lowing steps: 4. In order to fiiid thle stt'eamn function at at poinit

oil the airfoil. f2 (ss)must be plotted as a function of
Suctlto surface "Ite tile quialit ty fJ 2(s,sn,) (l'o(s,) of equat ioi
Suctin sufaceIf thle chart of f. is Sulperimp~osed( on thle airfoil with oii,

tex Center- oveirlyiing the( point (x,y), the valiue of 2 In.-
readti it ( tiill(im theii corresponding value of IP(X,,,Yn

alIso be read fromi thie plot of ,o(x,,,Y). The viilue of./
.5 1.0 1.5 2.0 2.5 30 35 40 1is th sat' 51110 s would have bieen obtained by ('i'It(riii

-/ Pessue nu fac chart Onl (Xr,,Y0 ) bi'cauise of tile symmetryv of tile funl
(a) A succession of values tof q, andf2 are obtainled inl this fit

V for various positions (,y)that intersect the A ion!
2 ~and( at plot of these points (f o ma 'y be muadet for the ass

p)osi tionl (.r.t) . Tb is proc'i'iIrei is illust rate ci i figiire
ii pa1rtic'ilaii poinit (x ,y) oil wiclh thle f2 ch art is ceiii

TOreaig fiit 1)1 irt icl lti(i~ I)aire shown by t Ii ari
. /0 5 20 25 3..5 5 4.0 ihes. The poinits t to 6 onl the blade are shionii i

-/ (0 respoitliig 2 (urve. The dliscontinulity of p bel
(b) oin ts t anid 6 is thle ci rcuilatiion. The dIiscon tinnuity hi'

(a) Initial airfnil. 4 a111([ 5 itpreset s till' li~oni vlit're f, aplproachies -
(b) Final airfoit. 5. The proper ic hod of illt egratIiOn then Procei'ids

FIGURE :i-Pirescril,,', ,-not~tv uitiiion for thick airfoilin cmclolviI thlrough 6 to 7 iiid theu to tie( origin, with colist
f101m 4 to 5. rh, legioli from 4 to 5 withi 1 ilP1(i

1.Curves for con st ant cofrtleioa tt ilO ,O is coinput ed Iby equa lt ion (6) Or (6b); tile ('Oustli

stant j 2 (fig. 2) for tile irfoil ill caiscadeI(, arec drlawn. Thiis uissil met to le tilie rai ius of t li ia r-('ir'it, wichl c.
diagram shouldI be madle onl some t ransparieint matei ii t hat l_)O ...ls to tilei vil hit Of, wiler 'it'ii' l itill( dso tilutyV frtii

will chiaiige neither iii size nor shape. The coordinates of thle Ot't'itS.
curves for constant A2 are given in table I. Tettlae nldn hssul diini

2. A desired ve'loc'ity pn'(8) is chosen as a function of tile Th toaaraicunghssmladtons
arc le'igthi of the airfoil (fig. 3 (a)). An. airfoil shape hiaving I
the desired total arc length is assumed[ and( is (drawnl to theJ (lJ(S n)15
same scale as tile plot of J, or f 2. Thle drawing is mnatde on
grid paper and, in the case of a cascade, thle x-axis coincides which is thle stream fiunct ioo due to vortices onl the ent ii
with the cascatle axis (fig. 4). of air-foils in, cascadje. Wher-e f2=0 at the points A,

3. The velocity distribution o'(8) is inltegratedl to obtain and D (fig. 5) the values; of o aire noted as q.~) ~St
the velocity potential .i.This fulnction is plot tedh oii the and rDS) hese ale are usedi in comiptinog tile sit
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function change caused by rotating tile blade. The stream Before equation (17) can be used to compute dp/dB, the vari-
function at tile point (x, y) may now be computed from able quantity V.., must be computed. The vortices in the
equation (8) or (.5), and regionf,>0 are considered to be uniformly distributed along

the cascade axis and the velocity induced by such a distri-
,- I ' ' cI bution is

S 6 F--- V = 3

where 7 is the vortex strength per unit length along the cas-
cade axis forf.,>0. Therefore,

2 - .4 
, ,v<=2-J ,(so) dso

where tli integral is to be taken over the regionsf 2>0. The
3 region.f.>0, Yo>y contributed a positive component to v,

whereas the region f2>0, y,<y contributes a negative com-
ponent. The computation is simply carried out by making

-use of the fact that the integral for v. is the difference between
3 values of p at points where fJ=0. The values of pa(so),

SpB(so), c(s.), and D(So) from step 5 are used at this point
to obtain

V - 7 9 2v S=fp'so) dso=1A-,oD+r-(c-B) (18)

where r is introduced because of the discontinuity in p at
the trailing edge. The sum V.-pD±r gives the effect of
the vorticity in the region f2(s, s,)>0 near the trailing edge,

4 5 and the term Pc-pB gives tihe effect of the vorticity in the
FIGURE 5.-SuperpositIon of figures 2 and 4 to obt in plot off against 0. regionf2 (s,s,) >0 near the leading edge. If either the leading

edge or the trailing edge lies in the region jz(s,so)<0, onlyA plot of the stream function (variation from the mean two points of intersection will remain and one of the two
value) is shown in figure 6 for the initially assumed shape. groups of terms in equation (18) will vanish. The quantity
Corresponding points on adjacent airfoils have a difference
of A4&117S equal to 1.0. 2S) '(so) d. is added to the x-component of the original

uniform stream velocity and the quantity d4p/do of equa-
0 , br4-dl I tion (17) may be computed for a number of points and the
. Frst opprox,mo ,, angle 0 computed from equation (14), using the values of (x,y,)I J-0 Sevefh C o0r O oho0

Ffrst . ppox.o . just determlined. Af ter these computations have been made,
the airfoil is rotated through the angle 0, and the value

io - is assigned as the value of the stream function of
-/ tile point after rotation.

0 5 /0 15 20 5 3.0 35 40 40 5 7. A value of i,(s) is known at points along the airfoil

boundary. The mean value over the airfoil is subtracted
FIGURE 5.-Variation in stream function along initial shape and first and seventh approxi- from ip leavin,A4,. For the isolated airfoil, no subtraction

inatlons of airfoil cascade. is necessary. Each point is moved ad

6. Wlien 4i(s) is known at a sufficient number of points, i necssy +distance

the airfoil may be rotated as previously described. For the in the direction perpendicular to tile velocity computed in

isolated airfoil, equations (14) and (17) may be used directly. step 6. The curve joining the points in their new positions
For the airfoil in cascade, the coordinates of the centroid of is the adjusted airfoil.
the airfoil must first be computed by 8. The total arc length of tile adjusted airfoil will be

different from the original one, in general, although local
1' changes in length will be negligible. The airfoil is so scaled

r x' (so ds, that the length of the suction side is the same length as it was
before distortion because this surface is the critical surface

1 , t, of the airfoil. This process will result in a change in length
31 - of the pressure side. The velocity over the pressure side p' (s)

821313--49-2
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must thlen lbe al tered in su chi a inn nne r tba lithe if ference, Over tihe section of thIe irfo iili tha lts collapsed
in potential between tire two stagnation points remains the thiickness, tile surface, velocities of lfgure :3 (b) 11a11 no
sale. As ri result, tile quantities that retain specifiedl values been (oit ained. but thle loading( (circulation per uir

r t le lengt rth and t1 le veloc itv (list ributfion on thei su ct ion ilIengthi), wbtich is lie diffierence in lte velocities onl o i
si iie ando tihe ciriculation aroundo tire iii rfo ii. Tire enlt ire sides, ha s been realized] In pinactice, thIiis collapse
procedulre is ie pea ted wvitit tile ad juste otShiitpe unt il tile rvented by incrensine thle aissumlied velocity onl tble
variations inl the streri function result in very little chang e 1suirface.
ill the sliapie of tire aiirfoil. If tile i nit inl liv assrile rier tinfo il sluape ii is ii iiie kne

DISCSSIO OFer coXsiPeEa ANlD fECNIUn rlie ct rc one, tire process (i

IIISUSSON (F EAMPLS A) TEHNIUESadjrustmrenrt Nill coirverg-e rather slowly. Thle liabor
For tire examplle beingl conmprited. thre strenr frinetions redticed olitwever, by comipriting tire streamn fiinct io

obtaineod for tle initiarlly asstunedi shape toni lie first and few point s onl the aitfoil and locating these points to
sevnt aplioxiitations iare pl10tted against, te ie lengtlr miine thle tbickness. This proiteisflo dfrt

(fig. 6), whiich is takenl its zero lit tire trailing~ edlge antI 11o- few a pproxi uiat ions uintil thle thIicknress of tire arirfoil i
ceedis counterclockwise ariotund thre irfoil irs shown inl atcturaite. Tue stream function is then computed
figrure 7. Thre fact thait A4, for thre initial Shape is porsit ive larger ntumrber of points, particularly neair thre iendinZ
Over tire first hailf of tire inc length and negative over tire in order to get mrore dletail of tire shtape.
second liif indicates that it is too tihick because tire reqtiired Arbitrary splecification nf a velocity olistribritii
distortion itt shrape will miake it thinner. Thre cihange in result, not in a physically real airfoil, bt in itI
thickness results in a change in velocity distributinr over tile shape or a collapsedl shrape (zero thrickness over a por
prssr sidle of tlre airfoil in order to maintain the diesiredl tile blade). The velocity distribution must then he mu
circulation. Tire velocity that was originally rassulmed, to obtain a real shape; these miodifications should be s,
whrichr is equal to tire vorticity per unit lengthr distributed[ on to keep tire dlesirable properties of the original (listril

Velocity pe .ks and steep velocity gradients, which t,
Initial atrtfad occur on tire suction sidle of an airfoil, are to be a,,
Final airfoil

If the airfoil collapses, tire vorticities of the two sidest
cancel each othrer and tire remaining vorticity represet

- *.difference in velocity across tire thin airfoil rather thl
velocity along tire boundary.

Tire method was also applied to the design of a thin
(camber line) in a cascade. Tire vortex distribut
equivalent to loadi distribution (difference in velocity
the airfoil) ratirer titan velocity as in the case of rr
airfoil. Tire velocity diagram for the cascade and tire
load distribution for tire thin airfoil are shown in fi,:
Tire value of tlre lift coefficient of the resultant airfoil

30 454 ~

- ~-S -7Z

FIGURE 7.-tnitiai shape and final approximration of thick airfoil showing cascade spacing. c
Zr

tire initial airfoil, is shtown in figure 3 (a) and tire velocity 0 .05/
over tire final shape in figure 3 (b). Tire lengthr of tireA
pressure sidle has increased and tire velocity has (decreased i

porionofFIGURE 8.-veocity diagram (or cascade and prescrihed load distrrbution (or thinin tire poto ]f11.1. cascade.
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The initial shape was obt1ned by aSSuZlin Zero sl)1)cilg t he spacing bettween aifoils. The convergence of the method
between tile airfoils. The initial shape and the first and is shown graphically in figure 10. The variation A4, of the
Ihird approxilmations to t he airfoil shape 111 shown in figure 9.

- In/f 0 a'ri roo Io,/o,; i " I i
-.. I l alY- , -- ±-+ First opproxrmohon. I _ _ .
First approximation a0 Second opproximation

-- Thir d opjjroxlmatson & - I -I',-- *--

0.

51

FIGURE 1o.-Variation in stren fnlction for succCssive approximation of thin airfoilin
',Lscade.

stream ftunetion from its mean is divided by VS to make it
dimensionless and is plotted against the arc length along the
airfoil where s=0 at the trailing edge. The stream function
computed on the second approximation is nearly constant,
which gives the third approximation almost the same shape
as the second one. The rapid adjustment of camber con-
trasts with the slow adjustment of thickness.

< - S

FIGURE 9.-Asunmed shape and first and third approximations of thin airfoil showing cascade

sPacing.
FLIGHT PROPULSION RESEARCH LABORATORY,

The second and third approximations differ very little. NATIONAL ADVISORY COMMITTEE FOR A.ERONAUTICS,
The third approximation is redrawn in this diagram to show CLEVELAND, OHIO, Mlarch 4, 1947.



APPENDIX A
VELOCITY DISTRIBUTION ON THE DERIVED AIRFOIL AT DIFFERENT FLOW ANGLES

Conformal mapping.-When an airfoil is given, the ve- Tlte velocity potential at points on the circle is

locity distribution over its surface imust frequently he found PO P
at different angles of attack. This problem may be solved ,=-2. cos 0-+16 +2 ,C COS 6T-- rOT
by tile method of confornial mapping, which consists in -

mapping the region exterior to the airfoil on tie exterior of
a circle. The velocity around the airfoil is obtained from the The quantity 2V cos 0T-- 20Tisa constant that issubtr

known velocity around the circle. Procedures for finding in order to make , O at it ie stagnation point corresi
the function that maps a given airfoil into a circle are pre-
sented in references 1 and 9 for tie isolated airfoil and refer-

10 for the airfoil in cascade. The corresponlence of points on tle airfoil witlt poil!
tile circle is obtained by associating points where "(s

In general, the procedure for finding the muapI)ing function The velocity on the citcle at a uniform stream flow anti
of an airfoil is a laborious one. But when, as in tile present
case, the velocity distribution over the airfoil at a )articular v,(O,a)=2V, [sin (0+a)--sin (OT+a)]
angle of attack is known, tie correspondence between points
on the airfoil and on the circle, and hence the flow velocity The nature of the conformal transformation is such thta
at other angles of attack, can be obtained very easily. ratio of tile vlocity at a point on the airfoil to the vel
Indeed, the correspondence of points and the velocities for at the corresponding point on the circle is independe
various angles of attack can be obtained by the method given angle of attack. Therefore, the velocity p,' (s) ott tle 2
in reference 11 from the initial data without knowing the at flow angle ce is
airfoil shape, because the complex potentials of the airfoil ,'p(.) - ' (S)
plane and the mapping-circle plane are equal. Before the
airfoil is designed it is therefore possible to check whether
the airfoil to be computed will be satisfactory under condi- where the design flow angle is taken as zero. Equation

tions different from the design condition, can be used to compute the velocity distribution on th,

Isolated airfoil.-The flow about any airfoil shape call be foil except at the two points that were stagnation poin
mapped on the flow about a unit circle int such a way that the design angle of attack.

corresponding points have the same )otential. The flow Airfoils in cascade.-The flow about a cascade of aii

about tile airfoil is given and the potential function ,o(s) at can be mapped conformally into tile flow about a unit
each point is computed. If the potential function on the with two singular points located on the real axis syni
airfoil is computed by integrating the velocity from the cally with respect to the center of the circle. These sinl
stagnation point at the trailing edge in a counterclockwise points correspond to the points at infinity in front of
direction around the airfoil oriented as in figute I, tie poten- behind the cascade, respectively. It a cascade of air

tial will be zero at the trailing edge. decrease to a minimum the distance of these points from the center of the cit

,p,, at the stagnation point at the leading edge, and then uniquely determined by the saiie conditions that deter'
increase to a value equal to tile circulation P at the trailing tle flow about the circle in the isolated case; namely.

edge. The corresponding flow about the circle is determined circulation per airfoil, the velocity potential at the lea

by tile conditions that it must have the same values of ,0,1" edge, the blade spacing, and the upstream and dowlist]

and r for a correspondence to exist between all airfoil and flow angles.

circle 1points. If Or is the central angle of the stagnation The distance from tile singular )oints to the center o

point oil the circle that corresponds to the trailing edge of circle is denoted by eK. The flow about the circle is
tile airfoil, that the location of the stagnation points 0, is determ

PPtn. - (cot T+Or+7!2) (Al) by tie relation

P sin 0, cos O .
Equation (Al) can be solved numerically for or because all 2VS=sin cos X

the other quantities are known. The velocity at infinity in
the circle plane V. can then be determined from the Kutta- where X is the angle of inclination of the mean stream t(
Joukowsky condition, which requires that 0T be a stagnation normal to the cascade axis. (See reference 6 for det:
point; that is, The quantities 1, V, S, and X are known from the fie,

-= F the cascade plane atid therefore equation (A6) provid
4r sin O (A2) relation between K and the location of the stagnation po

10
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iTht eI velocjIitt' p t'l('ti'l ti ll' on oil'' Il I ' 01111( i s O t ttil lieof lt6. ieStglti lp it6 'lleS) liig

I'S ~ ~~~ ('O 6 , 2o tl
sil x ~it -' Si , i- Cosx f ul C s iK +l. 2, I n ta lA

T ~ ~ ~ ~ cs I'lI x.(Si

uos fsti O li oselll tt th pfo t tia wil1 l t als t(1 to t( '' i nla ol yel o rs ollil t l( rii) dg ft earol l

(Osill K+ (--

cosh ilt K osh \2V)S/s E I

csn K o0,Kcs

coinh Ksi coshs X , C0S

('IIsessiv~~ile akexnationts, Cil~t values of the invuers aneants Ae two v(A) ofe usand to.(6v find deteimined,

WhIen h: has bteen fotund, it is tusedt in equation (A7) to evaluate , ait values of 0 all around tile circle. A point onl

till lirtle C'orrespond~s to tile ploin~t Oil tile airfoil Whlere '(i) The velocity at tile poinlt 6 onl the circle is

VS 50111 2K_ F 7Cos 06 O '0 Sill 0 ~ sin Or N
V"C --- ____ ICos X ---- -t-sirl X 1~-- -11:- K (~r Cos i.2K-cos 20 L G'~oshl KcfICs~,-, \sm K sinh ij A9

flow ittigle X-,a is

3.5
as ill tile case of tile isolated airfoil.

Thle tdesigned airfoil was fllapipel onl tile unit circle hv tile
nietho d1(1esct'ibedi. The constlat K, tile ntuttl logatrithm~l 30

of tile distance fromn tile sitnglahr points to tile cenlter of tile
untit cir'cle, is 0.075. 'rile cor'resp~ondlence between ipoints p

oil tlie airfoil and those on tile cir'cle is p~lotted in figure 11,
wili sihows tile arc length of the airfoil ilS at functio n of tile S

ce'tratl angie of the circle. The velocity ait ainy p~oint on thee.
tirfoil fotr lly tingle of attack a fuay be tobtainedi frontl

L-tltions (A9) and (A110), thle velocity tiistibttion lis in
figlltre 3 (h)), and( tile l'Cilt ion btween ii 111(1 0 115 in figttt'e 1t 1.5

The ISti isquatl to do!ds (radianls) attd nee'd be

Comllputedly onk'01ce for any g'iven airfoil.

.5

-200 -150 -'00 -50 0 50 /00 150 200
Centrol angqle of circle, e. degrees

FIGURE lt.-orrepondence between points on airfoil and points on unit circle by conliirniat
transformation.



APPENDIX B

DERIVATION OF THE CASCADE EQUATION

An equation is to be developed for tile complex velocity I he origin is denoted ) l)v 1,, bodies along tlie posit
at, any point in tie field of flow of a fluid past a row of equally rection of tile x-axis by B,, 32 , and along tle ni
spaced, congruent bodies. Coordinates axes atre chosen wit h direction of tie x-axis by B-,, B-2 . . . . . A circle A o
the origin inside one of the bodies and the x-axis in the radius is drawn about the point z where the velocit
direction of the row. (See fig. 12.) The body contaiting be determined. A rectangle R is (irawn with its cem

the origin and its sides parallel to the axes of length (2.N
and width 2t, which contains the bodies B_&, . .
B, B,. . . I?,, and the circle A. If a side of the re(
intersects one of ti bodies, the side may be distortec

(N+)S + 
(
N

1)S
-  

, around the body with no essential change in the

The function w'7(Z)/Zo-z) is an analytical function
the region inside the rectangle R bt otutside the bod

-z and the circle A.
Therefore

B_, 8--1-B, Bw,

I?~-- Ll Z Zo -
AOJ, -- d fo- J - - -V. , .

R iThe first integral can be broken up into four int,
FIGURE 12.-Ditgram for derivation of equation for flow ahout cascadf. one along each side of the rectangle, namely,

w'(ZI w(x _-it), 't w'[(N+]/2)S+io. _ r-(N+I12)S W'(Xo-+it) _'-t w'[-(A+ 2)S+;,
__ f(N S .i (N+l /o)*yo-- 1 __+,/2)_s fTt- 1 -(N+l12)S+iyo-

In an evaluation of these integrals, the function w'(zo) is From tihe last of these conditions, it follows that
periodic, with period S. and approaches a constant value w'(X-it)=w3'(X-it)+wV
infinitely far friom the cascade; that is, where

w3'(xo-it)-->O as t-*¢

w'(x o+ iy ) -W2 ' as yoa

and Therefore, tie fitrst integtral on the right side of eqi
w'(xo0 iy 0)-.w' as y,---3-- (B2) is

(N+I12)S t(' +1 2)SS l' 703 " (X 2o

.(+, 2)S X-it-z (x= " (+ 
2  - + l o2) -+t xo

The first of these integrals is

(,Nf(.+I,'2)S dIo [ log [(N+I 2)S--it-z]i
wJ-(N+ 2)S x-it [- (, 1/2)S--it-z]

as N---> and t--- c, provided that t/(NS) - 0. The last integral in equation (B3) is

(.'+1/2)S w 3 (x-it) 
"

(n+112)S ' 
,  

- it)
.' dxo= -

S J 'S2 W N'(Xo- it) d xo
.... 2V -2,:_ , + 1IS-it-

W -512 w3'(x,-it) , s2(X-it-z)w.'(xo-it) dxo

*-s12 Xo-it-z I .- S2
12
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If t is chosen sliflicienitly hlrge so hatl wl ('o-,t) l <E, where E is aiiy preassiglned positive Iinber, the nioduili of the integrals

are less than

,i2  2x.itzK dx] <, [f7'2 ( / - j_/ Vx- _y )

When X-+o tis quantity approaches as t--- aOd TS In the same way and under the same

~j t... [ (x~-xj2 +conditions, T"
4 2 - o x- (.',+ 112 I, (X o + it) d o - ' w

J N+1/2)8 X:o+- t- Z

This integral is finite and. because E can be made arbitrarily The second and fourth integrals on the right side of equa-

small as t--3-w, the last integral in equation (B3) approaches tion (B2) Can be evaluted by combining them. Because

zero. Therefore, w' is periodic,

w'[(N+ 1/2)S+ Iy.] =w'[- (N+ 1l2)S+iyo]
f(.V+1)s w (x0 -it) dx--•,w

3-(N+1/2)S , t- w and therefore,

1: w'[(.\r l/2)S4- ] 
j 0 -I w'[-(AN+ /2)S+ ,' idyo J.' -2(N+ 1/2)S'[(N± 1/2)S-iyo] idyo

• (.'+2)8+ 'Yo:
_- -(+l/2)Siy-Z -, (iy-z)"-(N-1/2)282

The velocity w'[(N+l/2)S~iyoI is bounded for all values of y,; that is, there is a constant W such that

Iw'[(N- l/2)S-iy,][<WI. The absolute value of the integral is less than
2S(Nd /2) 1 -y2S(N+2) IV f y

S 1_) Z(iy z)2
_ (N l/2)2S21 < N /) (yoy) 2 +(N- 1 /2)S 2 _x2

2S(N+l/2) IV Ftan' t-y -t-y ]

=(N+1/2)
2S2,_X,,L V(N+ 1/2) 2S 2 -X 2  *'(N+ 1/2)2S 2_.

As t--3- and M-->0, this quantity approaches zero. It has By the residue theorem,
t [" ~~~w'(z0)z=2iw()(S

been shown, therefore, that when t--c and O, dz,-riw'(z) (B15)

dzo-->ri (Wz',W) (B4) The periodicity of w'(z) implies that

W, (w'() N w w(Z.) (IZ,

a--N B. -v-z n--,av B o LnS z

4 w'(z0 ) + f (z,)2(z.-z) 7r () cot r (zo-z) d2° (B6)

JBa Zo-Z ,I. ) USz S

as .V--- The complex potential is obtained from equation (B7) by

When equations (B4), (B5), and (B6) are substituted into integrating with respect to z and neglecting the arbitrary

equation (BI). the expression for the complex velocity is constant,

obtained: w(z) = zw,+'- 7  w'(zo) log sin (z-z.) dz, (B8)
-- 1 r f.

(z)=; (w,'_ "' 2 ') -1-~. w'(z.) cot (zo-z) dz, (B7) where w,= is the mean stream velocity._s 27i 2



APPENDIX C
SYMBOLS

TFhe pinc ipalI syinbots used H iroucito t the ireport tire X a ii ,Ide of i cli nat ioni of mean Hlow to ioria I to co
listed here for coilveiiieiice of reference. axis (fig. 1)

10 F.r . 27 + y- vclocitY p~otenitial onl airfoil. IRls(i-)]
Ji log L' I I(IY(P., (P, values of p tit poiints A, B, C, D), respectivel ' .

r, og i,1 r X T'PC, PD curve of 0(s,) intersectsfj'(S, S') =0 (See figr.

4r I S _j~j Sjjjl2S (_ P veociy potentiall 00 circle correspondling to ist
K natural logarithmt of distance fr-om sitighir r pioint to airfoil

center of circ-le corresponding to cascade airfoil lp,. C velocity potential onl circle corresponding to ir
1 total arc leng-th of airfoil (cscade
S distance between successive airfoils in cascade 0 velocity potential at leadling edg e of airfoil
13 arc-length parameter corresponding to 1P~ stream function, I[w(Z)]
so arc-length pairameter corresponding to Z. ', stream ftunction of mean stream of cascade flow
V magnituide of uniform or mean stream velocity in air--~' stream fuinction of uniform stream flowing

foil or cascade plane (fig. 1) isolated air-foil
17, magnitude of uniform stream velocity in circle plane mean value of stream function over airfoil
V, x-component of uniform or mean stream velocity V A4, variation of stream function, 0'-7
Vt. resultant local mecan stream x-component of velocity V Subscripts I and 2 when appended to w', , and VC. in(
V, y-component of uniform or' mean stream velocity V inflow and discharge values, respectively.
V, local velocity on circle corresponding to isolated

airfoil REFERENCES
VC local velocity on circle corresponding to airfoil in

cascaado 1. 'Mittei'pCIl, William: The Conformal Transformation of an
a ~ ~ ~ ~ ~ ~ ~ ~ j , inueiy otcs nrgonf>, into a Straight Line and Its Applicationi to the Inverse P1ivelocity inue yvrie nrlin20of Airfoil Theorv. NACA ARR No. L4K22a, 1944.

w complex potential function, p+i4, 2. rhcodorseri, Thecodore: Airfoil-Con tour Modifications lBa
w,,,' complex velocity of mean stream for airfoil in cascade e-Curve Method of Calculating Pressure D~istribution.

./= I -iARtR No. L4G05. 1944. -n
1W W,' W') V V11 3. Mutterperl. William: A Solution of the Direct and Ines

4/f cmlxvlct fuiom-ter o sltdarol tial Problems for Aribitrary Cascades of Airfoils. NC
a',, comlexvelcit ofuniornrtrem fr iolaed irfilNo. LIt(221b. 1944.

IXIV iv.4. Ackeret, J1.: The Design of Closely Spaced Mlade Grids. I
X real part of z - It. T. P). Trans. .No. 2007. Ministry Aircraft Prod.

x,. y, coordinates of point about which airfoil is rotatedl Schwveiz. Baiizeiinng. vol. 120. no. 9, Aug. 29, 1942. PP. 103

(centroid of vortex distribtition for cascadle airfoils) 5. von Mises, Rtichard, and Friedrichs, Kurt 0.: Fluid 1)'vii:

y imaginarv part of z Advance Instruction and Research in Mechanics, chi.
Brown Iv. Summier, 1941, lpp. 96-97.

coodinte f pintwhee srea ftncton s cin 6. Stodola, A.: Steam and Gas Turbines, vol. 11. McGra%
puted, z+iy Book Co., Inc., 1927, pp. 992-994. (Reprinted, Peter

coordinate of point where vortex is located, .r,+iy. ('New York), 1945.)
U angle of inclination of uniform stream velocity to 7. von Kdrnidn, Tb.: C'omnpressibiity~ E-ffects in Acrodynsu

x-axis Jour. Ace. Sci., vol. 8, no. 9, July 1941, pp. 337-336.

S angle through which airfoil is rotatetd S. Garrick, 1. E., and Kaplan, Carl: On the Flow of a Coinprc
F circulation about airfoil Fluid by the Hodograpil Method. 1-Unification and Exte

'y(z,) vortex streng-th per tinit aire length at z, '0. of Present-Day Results. NACA Rep. No. 789, 1044.

0 central angle of circle 1 9. Tlteodorsen, Tr., and Garrick, 1. E.: General Potential Theo
0, agleof tagatio pont il ircc (-rrepoldin toArbitrary Wing Sections. NACA Itep. -No. 452, 1933.

6
.v ange o stgntio pont n crce crreponingto 10. Garrick, 1. F.: On the Plane Potential Flow past a Symnnico

, anleading edageato airoilt oil cicl corso o to Lattice of Arbitrary Airfoils. NACA Re. No. 788, -14.
6  al of ( stag ainfoint 011.e orspnlngt Gebelcin, 11 : Theor 'y of Two-inensional Potential Flow

traiing dge f aifoilArbitrary Wing Sections. NACA TN No. 886, 1939.
14
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APP~ENDIX C
SYMBIOLS

The pr~iniipal svil hots lised thIroughout i le re port are i \1 anigle of in cli nation of mevn tflow to ioria to col
listed htere for conlveniencee of referentce. axis (fig. 1)

A Ilog (. 2+(y- /,2 velocty otential onl airfoil. ![v()i ie

1 o sn x.,)+sn 2 ~(-b 'PC~, 'PD ctirve of 'p(s,) intersects f2(8, S,) '=0 (See fig.
4r o velocit ' potential onl circle corresp)ondling to is(

IC natural logarit.hut of distance from siitgular point to airfoil
center of circle corresjsonitnig to cascade airfoil velocity potential onl circle corresponding to air;

1 total arc lengrth. of airfoil Ccde
S distance between successive airfoils in cascade velocity potential at leading edge of airfoil
s arc-length parameter correspondling to Z 4 stream function, I[w(z)]
S. arc-length plarameter corresponding to z, ', stream function of mean stream of cascade flow
V magnitudle of uniform or mcan stream velocity in air- 4. stream function of uniform stream flowing

foil or cascatle plane (fig. 1) isolatedl aitfoil
V, magnitudle of uniform stream velocity in citcle plane 4' mean value of stream function over airfoil
V, x-component of uniform or mean stream velocity T- A4, variatton of stream function, 4'-4

V. resultant local mean stream x-component of velocity V' Subscripts I and 2 when ap~pendled to w', V, and V, i
V, y-component of uniform or mean stream velocity V inflow and discharge values, iespectively.
V, local velocity on circle corresponding to isolated

airfoil REFERENCES

ca C lcaelty ncrle corsodn oaroli . Mrittcrperl, William: The Conformal Transformation of anl
caselcty invlucc byvricsi rgo f> into a Straight Line and Its Application to the Inverse Pir1), velcit inuce byvorice inregonf,>0of Airfoil Theory. .NACA ATIR No. L4K22a, 1944.

w complex potential function, 'p+itp 2. Theodorsen, Theodore: Airfoil-Con tour Modifications lBa
'w,,, complex velocity of mean stream for airfoil in cascade E-Cirrve Methiod of Calculating Pressure Distribution.

Alti No. L-IGOS, 1944.

1'W- (W' + ") V i 3. Mutterperl. William: A Solution of the Direct and Inverse i2 ( 'w') v5 - 5  tiPlesfo Aritr Cascades of Airfoils. N ACA
w' complex velocity of uniform-stream for isolated air-foil, -No. I4K22b, 1944.

1 51-il Cl ceeJ. h ein osel Spaced BaeGis
t eal part of z - It. T. 1'. Trans. No. 2007. Ministry Aircraft P'rod.

x, y,~ coordinates of point about whtich airfoil is rotated Schweiz. Ilauzeitting, vol. 120, no. 9, Aug. 29, 1942, lpp. 103
(centroid of vortex distribution for cascade airfoils) 5. von Mises, Rlichard, and triedrichs, Kurt 0.: Fluid Din:

y imaginary part of z Advance Instruction and Research in Mechanics, 'ch.

- cordnat ofpoit-here streant functioit is com Brown Univ., Suminer, 1941, pp. 96-97.
purdte ofpitL 6. Stodola, A.: Stean arid Gas Turbines, vol. 11. MeIGra%

pueXiy Book Co., Inc., 1927, pip. 992-994. (Rtepririted, Peter
co oordinate of point where vortex is located. xsmj1o (New York), 1945.)

a angle of intclination of uniform streama velocity to 7. von Kdrrndrr, Th.: Compulressibility Effects in Aerodyini
X-axis Joirr. Acre. Sei., viii. 8, rio. 9, July 1941, pp. 337-3563.

S angle throught which airfoil is rotated S. Garrick, I. E., and Kaplan, Carl: On the Flow of a Corilirn'
r circulation about airfoil IFluid by, the flodograph Method. 1-Unification and Exte

y~z5  votexstrngthpet unt ac letgt it S.of Present-Day Results. N ACA Rep. -No. 789, 1944.
-y cz)ve trt h of c nir lnghat 9. Tlucodorsen, r., .and Garrick, I. E.: General Potential The(,

0 cetra anle o cicleArb~itrary Wing Sections. NACA Rtep. .No. 452, 1933.
O~ nl fsatainpitottrl orsodn o 10. Garrick, I. F.: Onl the Plane Potential Flow past a Syinic

lea~ingedg ofairoil19)'~3 Lattice of Arbitrarv Airfoils. NACA Rep. No. 788, 194-1.
0, angle of stagntation point onl circle corresponding to Geein11:TorofToDesoalPttalFw

trailing edge of airfoil Arbitrary Wing Sections. NACA TN No. 8863, 1939.
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TABLE 1. ('001ILNATECS 01' (x -X". _Y")
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Positive directions of axes and angles (forces and moments) are shown by arrows

Axis Moment about axis Angle Velocities

Force
(parallel LinearI- xis)Designation symbol Designation Sym- Positive Designa- Sym- (compo- Angular

bol direction tion bol nent along

axis)

Longitudinal -------- X X Rolling ----- L Y---.---Z Roll ------- U P
Lateral ..-.------- Y Y Pitching ---....M Z---*X Pitch. ------- 0 v q
Normal ------------- Z Z Yawing ------- N X----+ Y Yaw.....-. - i r

Absolute coefficients of moment Angle of set of control surface (relative to neutral
L N N position), 8. (Indicate surface by proper subscript.)

(rolling) (pitching) (yawing)

4. PROPELLER SYMBOLS

D Diameter P Power, absolute coefficient C,=
P Geometric pitch p7Oa'
p/D Pitch ratio .S d e f n
V' Inflow velocity C, Speed-power coefficient=
V. Slipstream velocity T Efficiency

T Thrust, absolute coefficient C T- W& n Revolutions per second, rps

Tt Q 4 Effective helix angle=tan-'(2wr)Q Torque, absolute coefficient CQ-- mTDG

5. NUMERICAL RELATIONS

1 hp=76.04 kg-m/s=550 ft-lb/sec 1 lb=0.4536 kg
1 metric horsepower=0.9863 hp 1 kg=2.2046 lb
1 mph=0.4470 mps 1 mi=1,609.35 m=5,280 ft
I mps=2.2369 mph 1 m=3.2808 ft
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